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Page 6, column 1, line 2: The beginning of the sentence starting on
line 2 should be reworded to avoid the misinterpretation introduced
by the word "sm. The revised sentence should read as follows:

Because of symmn'etry, similar equations result when equation (1) is
written for stringer j = 1 at ring i = 0 or for stringer
j =0 at rings i =4 or i =l1.

Page 23, column 1, line 3: Add the symbol j before the equal sign
in the lower limit of tie summation appearing in this equation.
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REPORT 1251

STRESS ANALYSIS- OF CIRCULAR SEMIMONOCOQUE CYLINDERS WITH CUTOUTS'

B11.ka 0~ R . 'McCou,7, Jr. 0

SUMMARY at methodl of analysis which- can he uised with more general
.A method is -preseied for analyzing the stresses abu-uot loading conditions and with either shear or stringer reini-

in circular semtimonocoque cylinders wvith flexible rings. The forccenet~ aboult' thle cuitot. te-iu isipp.
method involves the lise of so-called perturbation stress distri- Inl reference 6 thie stress p~ertutrbilt iontcnqeiapld
butidnis whichh are superp)osed on the stress distribution thatI to thle analysis of stresses-aboutit cutouts inl flat sheet-stringer
would exist-i inte-structure with no cutout in such a-tvay as to paniels under axial load. Three basic unit, perturbation
give the e~ffccts of-a cutout. The method call be used-for-any soluitionls-werc usedl as tools ill this miethodl of anlalysis. Ill-
loading case -for which the structure without the cutout-can be part Ilof this report thie analogous p~erturbation approach is
analyzed and- is -suffciently versatile to account for stringer (leseribcdl for the stress analysis of circular-siinionococjue

and hearreiforcmentabot th cutut.cylindlers with cutouts. The -three perturbationl-solutionl
and hea renfocemnt aoutthecutut.tools -for Circular sennonocoqule cylinler~is analogous to

INTRODUCTION those-for the flat. sheet-stringer panels of reference 6 are

Ani airlplane fusclage usually has openings or cutouits for delodinprI ftisrlrt
entrance dloors, Cargo doors, -windows, andl iany other l)tlr- SYMBOLS
pioses. The presence of such openigs-may result-il at Coll-
sidlerable redlistribution of stress inl the structu re. Some A1 effective cross-sectionial area of a stringer
knowledge of this stress redistribution is desirale ill thle A* cross-sectional -area of additional-portion of a
structural design of fuselages near cutouits. reinforced stringer

-agportion of-tie structure of inny fuselages-can bie A-1 - cs
represented, approximately, -by a Circular semnimonocoque A~.i
cylinder, th~atis, a thin-walled Circular cylinder stiffellel lby 1- n
strinlgers (axial stiffening inerabei's) and rings (circum ferential -- Sl
stiffening members). Some p~reviouls investigatiousrelating B=L !,
to thie problem of stress analysis of cylindrical semnimonocoquie G-t V
shells with cutouts were reported inl references 1I-to-4. Onle B,=33B6+2 0 -Cos 116)
limiation common to all -of tilese-alvlses is tilat- tile fle.Xi. b are distance-between stringers, 1?6
bility of- tile rings or circuiinferenitial-stilreintg members is b____ (iQ (n 2)
neglected. In reference 5, Cicala, discussed this -limitation 21; sill!
ats wdl as certain other limitations inl some of the provious2
investigations mid introuced the idea that, the effect. of ait .1
Cutout canl he-reproduced by superposing certain pertuirba. 7 1I3
tion stress-states-on thle stresses which would occur inl thie D*2f~
shell without- a cuitout.

'm'e hproblem discussed by-Cicalat-in reference 5 is-that of ait10
cutout inl a circular seminionocoquc cylinder which is long ill (r~? m+11)-I1
comparison to thme length of the cutouit. Thli analysis of d, Coefficrienlt ill trigonomietric seiisfor ,

* reference-5 is-soinewha-limited because it canl le used only E Y"oung's mnlodllus of ehastirity
for loading conditions which produce strimiger stresses loogitii- F0' tangential for-c Onl ring i uni1forlly ulistrimuteu
dinalhv antisymnmetric about, the- center line of tlie cutout hetween string"er j flit([ stringer j+I
(for example, torsion), and it cannot, take iiito consideration J,.(i) Coefficienit inl tmigolloilml-tr series for- stringer

j the effects -of -conaming stringer reinforcement. The juresemi iondus
report; is in-extension of thie ap~proach of Cicalit ndt presents a shear mouhius of elasticity

0
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~jD,. co5 (m+ 1)o - ~
2.

lh~i,4i= ~ (-1)'D, sill (rin+n)o v=2 128,-0
.1effective momen1cit of inertia of a ring cross section A,, seconid central difference inl tile i dlirection o

lonigitudlinal indices, indicating rings and bays longitudinal (direction, (lint~ is
JA has (lhe value I when It is an integer anld has-the Aqi) =gi+1)-2gi)+gi- 1)

valueo 0-wheit h is not~ anl integer 6 central angle between stringers, 21rfin
circumferential indices, indicating stringers and 6,. -Kroiieciei delta; takes tile valuie 1 when r=s

,paflel' lOWS and takes thie vihieF 0 w~heni r/s S
I-;1,r,s integers
L distance-bet.weeni rings Ai,Ai. quantities defined immnedliately following eqila-
ilf1i,0) bending momient inl ring i tion (24)
11 f,1 f ap~plied moment, aild torque, respectively (see 0 angular coordlinate for rings

M total number of stringers il y in, co?=3- '=2 Cos-,
n index of termis inl a trigonometric series 1
P external conicentratedl force inl the longitudinal =1 -sh.l (D.< 1)

direction applied to a stringer at its intersec- 2-

J" stringer loadl iii striliger j at-r-ingi tin wtariglbcosh-' OPP.!-y

basic st ringer load inl stringer j at. ring BAIASU P ON0
Pl~(~,) load inl stringer j at, ring i due to a uiiit,-coiceii-BAIAS MPON

trated-perturbation load onl stringer 71 at- ring 1 A structure of thle type Conisidlereill this report is shown
r11~I load inl -stringer j at. ring i duie to a v-4t shear inl figure 1. It consists of a thin-walled- circular cylinder

perturbation load about slicer paiiel ( ,7) stiffened by stringers inl the -longitudinial direction and byF
Qextcriialslicar force per unitzlength appliedl abouit. rings Li the circumiferciitial direction. Theli rings and

a shear panel, lb/in. stringers dlividle the thkin-walled shell into rectangular panels
shear flow inl shecar pauel (~) wich are called slier paniels. Thle cutout, is assumied to lie
basic slier flow inl slier panel 6ij) rectangulai'-it removes anl arbitrary iiiimberof slicer panilels

g(,)slier flow iii slicer p~anel (ij) duie to a 111it 11nid iliteri1litS thle correIsponding striiigers.
concentrated perturbation -load onl strinigeil Sontle loadinig coiiditions which canl be handled with this
at, riiig-t methoid of aijal vsis are illustrated inl figure 1. -Other loading

DAM,] slier flow iii slicer ptaiel (ij) duie to a a,,it coiiditions-are permissible if thle stress (distribultioni inl thle
slicer perturbation load about, slier panel CYlinlder witholut the cutout. is knownt.

Q10 A typical purtion of tile stiuctunre is shown in-figure 2 with
II radliis to midd~le surface of sieet thie index system usedl ill this report. to designtate strinlgeis,

Sexternal- force inl the longitudinal dlirect ion rings, bays, and1( panlel rows. Note thant thle intet sect ionl of
uniformly dlistribuited iilong-that, port ion of- it
stringer which lies betweeni adjacent riiigs,lb

T,) thrust, inl ring i
t thickness of sheet

t*thickness of additional piortioni of a reinforced
shear paiiel, that is, a doubler plate

thickiiess of aill material carrying bending
stresses inl cylinder if- uiformily (list ribuited
around pierimieter, A/b

U total stress energy
17010) transverse-sliear in ring i
aiIMa2, } arbitrary- coiistant~s 0

C2OS.~IIunI-iclrerteeeu cylinder with cuiout.
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Boy ;-2 1-1 +1

Ponel to

Ring ;-2 i-I il /2

Fliom~ 2.-Portion of typical cylinder.

ring i and stringer j occurs-at. the-lower left-hand corner of pertuirbation loadl andI consists of uniformly distributedl
shear panlel (ij). forces per unit, length Q alpplied along thie stringers and rings

Theli analysis is based onl the-following assumptions regardl- that border one, shecar panel of tile shell thle-forces actfing-inl
ing the prop~erties of the structure: such a-way ats to cause pune shear inl tlnit. lanlel.

(at) Thie cylinder is lonigrelaitive to thielenigthof thiecutouit. For eachi of the three perturbation loadls, formulas aire
(b) Ti'le stringers are uniform -and equnally spaced aroundl developed inl part, 11- of this report- which give stringer-loads

thle shiell,-and the sheet, is of constant, thickness. inl every stringer ait each ring and shear flows in each shecar0
(o) Thle -strinigers carry only direct stress, and- the sheet. paniel of thie shell. By-use of these forlmlls, tables of coefli-

takes ol shear stress whc scntn.within each slher cients canl be 'ompluted which give stringer loads and shear
Ilanel; thus-stringer stresses-vary linearly between adjacent. -flows-ini the neighborhood of each perturbation load dlie to at
rings, unit, magnitude of -that. load. Such- tables for a cylinder

(d) Thle rings tire uniform aid have a finlite bending stiff- having 30 stringers andl various values of thle structuralf
iess in their own planles, bt.t they dto not restrain longitui- plaramneters B and C aire p~resentedl as tables I to 30. These 0

dinal displacements of the stringers. The bending of thle tables were caileulnte~lon anl 113M Car-1-'rograimnniea -,eke-
rings is inlextenlsional. tronic, Calculator. Tile application of these tables is not

(e) Tilhe difference between the radlius to thle middle surface limited to cylinders-with 36 stringers. Inl general, thie total
of the sheet. and thle radius-to the neutral axis of a ring is stringer area can-simply be redistributed into 30 fictitious

Snegligible, stringers. The values of thie pmaramleters B andl 0 are not
M )The structure is elastic amnd noe buckling o~uirs. changed by such, a redistribution of at rinlger area. 'I'lien the0

tables-can be thought, of as llresenting (a) thle load which is
I-ANALYSIS OF STRESSES -ABOUT CUTOUTS BY A takenm by all of the normal-stress-carrying material upt to Vo

PERURBTIO LOD TCHNQUEonl either side of the-location of at fictitious stringer and (b)
PERTURBIATION STRESS DISTRIBIUTIONS the shecar flows-at. points inl thle sheet. halfway between tic-

The-tools for the method of analysis to be described are titious stringers.
the stress (listributtions duie t(o three types of -loads, called -Part, (it) of cccli-table contains the -valuies of p', anld qjLS
pierturbmation loads, applied to anl infinitely long circular duie to a concentrated pierturbactwi load ])=I onl stringer
cylinder with 110 cutouit. -One p~erturbation load consists of j=0 t.t ring stationii i0. Part (b) contains thle valuies of
it concentratedl force 1' imp~osed Onl one stringer of tile shell
at. its intersection with a ring, the force acting in the (direction ean dutoaisrbed etraio ladfttl
of thie stringer. This load-is illustrated inl figure 3 (at) and mnagnitudle S~t onl stringer j=0 betweein rings i~o-amid
is called the concentrated perturb ation load. N second typhe, i=1. Part (;) contains thie values of plL and( qt, duie to a

ihlstatd-n igre3 (h), ia called the dtrbte-r'mh- shecar perturbation load per unit length. of magnitude q2=1
tionl load and consists of a force S uniformly distributed about shecar lpanch (0,0). Thle jiositive-senses of the Imertumi-
along the-portion of one stringer which extends between two hation loads aire thie senses shown inl figure 3; stringer loads
adjaceutfings, thle force acting in-thme direction of the stringer. are assumed piositive inl tension, and-shear flow is positive
The third type, shown in -figure 3 (c), is called thle shear whenl anl clement, of thme sheet is loaded by shears which-act

LL' .2 '
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the pertumnbat ion Ivlds dlecaty rapidly in he- longitudinal- di-
-- Gay -7' jreetion. Consequen tly, (lie application of perturbation

- -- - - -stress Nitributions; for till infinitely long cylindler to tt cyl-
Stnagefinder of finite length is justifiedI if tile vicinity of application
SIO9 jof tile pert urbat ion loado is far fr'om thle ends of thie

<-jclidr METHOD) OF ANALYSIS

I STRUCTURE WITH NO RMflVORCENENV ABIOUT CUOU

- - - - - -Application of perturbation loads.- -Conside', first, it

Pnlstructure like that shonoi in-figure I which-has no reinforce-

-1 1 ,)tsell (-tin he thought of isata superposition of tile stresses

peruriionstrssdistribtifons-which asrise, because of thie I

Z's outut.Thestruclnire ivitlnoxit enutout is called herein tine
batsic structure. 'lht. stress (istrihut ion which would*xxist.

.1 0 1 ~ in this strucefture is called herein tine basic stress (list ribiut lOll.1 - Inftie present report, tlie b~asic stress dhistribuntion is assumed
Smniegn -- - I Ibe known. Theln thie problem of lillillying i structinre

-~ j - tion stress distributions to he sup~erpnosedl on thie biasic stresses
0 - n uc tamimer ats to annihilate the effects of that, portion 0K -I of thne basic structunre which ~ies within thel boillndaries of

(b) ( lie caltout. Finndinug thie proper miagnitudes of these pertur:

neous algebraic eqjuat ions.
------------------ Au thne cutout, bonndan in thne Structure wvithI thle cutout,

Rin twvo non1ditions must be itatisfied: (a) thie Stringer load mlust 0
be zero tit points where at stringer is interrup~tedl Iy thle cut-

-0 out~ and (b) no external shear forces may ativ onl portions of

t~olvetree poandeneoftn shear perturbation loads ohe Flebai
Sotrinsr cabtrronctditifthoernbsinilad - --

are ~ ~ ~ ~ ~ ~ h reaelily obaie fromyi ts lte taleobllows ocaneso

'I'l(2) appliatio oftrbto these-o pttubaio loads ander tin ttrssle

(listrilution causeerl by theh innt there stes stalnsis oful -ii
*~~~unterute bymifmncone theider cuiouh placet it, concentrate intr
tineo follwin sedt ion.ut e[he serhrbaio solution arel exactbre

a~ ~ cutouty trolee theu( placeratom Ioashls petrbaio apphie( Fnoro

sefeulbatn i01) iCn ocel nt tdisur theupin overallstee-etrbton]id$tr s

inquileibrive seotne stritue. herefrtlea essdet num~-.Apl oio pertarbitioa loadtTh

soluion forarbtrar loatins o (le peturatio-lols
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(3) With the use of-the tables-of coefficients, write at set the cutout, boundary tire ioglected. fit thle rigid-ring case,
of simultaneous algeblraic equatioulb %%lili statc thle following suchl effects do tiot exist if the cut rings remain effectively

conditions:rigidi inl thle flexible-ring case, the effects of cutting at ring
(a) At. the ploints where a stringer-is to beinterrupted 1) collldL31 p~rinciple, be takeni into account through the intro-

the cutout boundary, thie result ant. stringer load must duction of addihtional type., of perturbation loads. It ik
vanish-when the boundary is approached fromn the struct ure pIossible that eveii with flexible rings the offed s of cutting it

Otie of the cutout. T[his result ant stringer load is coni- ring tire negligible inl certain eases, but this would. have to-be
povid o1 the basic striniger load plus1 thle stringer-load (ile to verified by further investigation.
fill(lie -perturbation loads. Sample calculation.-1--oder to illustrate thle Ille'thod of

(b) Ii- each slieae pande which is to hle removed b thle calculation, tit,- cylinder sho%%zi inl figure 5 is analyn~d. A
cutout, thu. basic shear flow plus tile shear flow d[le toWall cutout whic-h removes three sheter paiies and int( rrupts two
thie perturbation loads must lbe equal to thle sliear- perturba- stringers is located lin the central hay. T1'le properties Of thle

toload auppliedl to the portionis of-striiigers andl rings whlich cylindler are takenl as follows:
holder that. givenl panel. T[hus, thle shear flow exerted by
the shear panel onl tile -jortiolls of- stringers and -rings bor- Ill 36
llkriig it, will exactly cancel tile shear perturbation loalld0 ~~il
aplpliedl-to tho.,e samec-port iols of st ringers and11 rinlgs.

(4) Solve the systemn of equlationis fromn step (3) for the illi.
magnitude,; of (lt, -perturb~at ion -loads, 11111 superpose the
Stress distrillutions-due to these loads oil the basic (histrilbit- 12I-ii.
tioii. Tflis procedure yields the stress distribution in thie 1=0.053il
structure with euitouit.

Upol-rolipetill o thse ourstep, tle llanitues f tle
plerturbationi loads onl thie-biesic struicture biive beein adjustedl 3W C
so that siiuiltaiieous-removal (If- that. portioni of the basic
structuire which lies within the cutout. bounldary fiid thle 1,1.6 -0-992
plertuirbat ion loads themuselves Would niot- disturb tile reillain- 2.62
(ler- of the st ruetulre, The plert urbat ion loads lire ill equilil- F~or thle plurposes of this example ,oppose thle rinigs aire very 0
"htIl wiili-the portioll-of the( basic ql rume? lyilig-wituili- theancnbeonird-igdnbnigilthr(wl

cuitol t Thest meses outide th cutou heav Frinthese plropIerties the striiitural plarameters B?
= inl tlie-Imsie structure subjected to-the actual exteriial loading ailld C'are calcuhated. 'fi'he tale correspoundling to tlie values

together with tile jpertuirbatioil-loads are precisely thie saiiim of B? and11 0 eloset, to the( coniputed values will be uisedl. If
ats the stressies ill tile struictuile witll thie eutollt subjected to E-iq taken as 10.6iX 10' psi anld GJ is taken as 4X 106 psi, thle
thle exteriial loaudiing aloine.

Conuditions 3 (it) and~ 3 (b) call be expressed miathemtatically ~rrilti . n r
by tlue-followiiig equations, respectively: 4..0.6) f0.002) _8.057 (/

I ', ,1 . 12

S,.lqpose that the cylinder is loaileu with thle beiidiiig

'l'li uinkiiowiis fie-Ps, the magnitude of the conceiitrated monen Al nd ftrque M2 shown inl figure 5. '1' pe
pert uihation load oil stringer 77 at ring , and1( Qj, thle muafgili- tUrbatioii load svstemi for this pIro1Ilelg is sinwu iii figure 4.
tude of the shear. perturbation load aboiit shear-paiiel q(q) The concentratedl pert urbation loads1 are dloub~ly symnetrie
The coeficieuts pj)QY) andu q, ftn lire founid iii part ,a of about, tlie cutitott Th'e shear pert urbat ion loads aire Svili-
the tables and thle coefficients pjlt aiid qvit',l aire found ill metric shbout painel lo%% j=-P (L .et, P represent tile inagis-
p~art (e). TLhe stuiiinatious inl eachl case are extended over tilde Of eaicht-of thie cotilceilrated lIerturb~io loadls. Let
thle apjproplriate p~ertulrbationi loods. 1"'quatioii (I) is writ tell Qot' repreacit thle mniitude of t11 $]fsear l)1t Iirbat ol load
for eaicht i~j whlere a stringer is to he- ilterruilte(l byv thle cutoit. about shlear plael (0.0);' AIu let Q, represent thle miagniitudle
aiid refers iii each case to the stringer loadl as the poiiit ij is Of tle slier plert urb~ationu I011(1 about shear, jpailels (0,I

- applroalchied fi oni within that. plortionl of tile structure lyinig and (t0, -0.

outsile -the cutout boundary. Equation (2) is writ ten for Equations (1 ) find( (2) are nlow written for this example
eaeh-i-j where at shear paiuel is to be reioveul by the cutout, by i'se of tile tables of coelhiciciute for B1=8 and C 0.
Ti~le, formn of e~qumt ioli ( I iill (21 -iq th li' cile regairdecis of E1qulatioll (I1 for uile strlinger load1 con~ditioni ill stli ;ner
whether thle rings iin thle cylind~er tire considlered rigid or j= I at ring ';=I Iis writtenl With tile aid Of tables I (a) aill

3 flexible. I (e, ats followsg:
= rThis method of anlalysis maly be appilied to a cylindeir hay-

nga cutout. inoretliaii I bay long, bt, inl such at situaltioni, 0.5000P+0F.04761)±0.081J51)+tl0.I192-QL0-.I 192(61-_
~'/ 't4' effects of removing rinig segments fron thie region within I 0.0374Q 1l+Th1.=0 5
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4 -2 -,-

Fivo 5.Irua cyine wihctu 0 ni~ml acitol

whr Tl s-h-ascsrigr odil tinej I at stto gvnb
equtio (1 is -wite fo-tiigr= -a rin i= rfrI(.85001)QLO10+.15+ l(.34

ho~~~~ia~$ea f.Crilrclak vticb l owse ill , l p ale l atca ,tIoas. ien

where 4( is-the-basic srlle-floaw inl sternllg' (0,0. Ftltor gien.
shea i ane. (0,I)so ayty-th4-1 seqeuatio ivesut whn (0L8(O.135 I ).f QIL( Q 12+.00)12i+ Qlj(.1+?4) +J

-pne I.,0 is The basic shrer floaw 71,. equals 708 poun. Thureo, Ik
-026p-O26 p -. 3'8; 01(8 + .96, --fte alo i l ptnel j=2at , ngi is 0 puis. Othera

~O.222 ~+.226 7-02262z~0*262 +O.flowosttn iloa bay in IO are shown inr (b),r ai. lihue 0
-0.0629Q,+0.01 ~ shea flowj2 6(ctirpesnt shear lows( 11 is glie n byto-ba =

where 71o is, the basic shear flow in shar panel (0,). These IO26+O1t8+.040.30
thearellll~,)ad0,l~ equation (2) gietrevnio P 0 ndQ oesSRCTR W1 (.3i-.IH- Qj,(0.0097)J+ ABOUT CUTOUT

/+.28j=, exene to9 J) p p The basic shear flwpqals l 70. e lbeinforceds tie
. l-.262y0.0QO.2~8QL=7 0Q, shecar poan aondel ctout is e I0lin.cdk Othe shar

For impiciy, -et j-M 10,000lb-n ll tle resnt Ilwl ie baroce-dure soni ofadigearpbrtuand ionr
ere ilte basic shreasdribton '"'n-'b" fon froaeprsnt ee od'oced t shar lsinel thle i s tr uctay re0.
tr eatin n so boi hc ie 1=7 i tile theeunnonsQi ad , ecm SlJARlS i luARNedlieMN ABOUT lcUptOurtio

pound;and- O. Ibli-.08When ths Shetn e lar xet t opost sinThen, for anacsiseisfoeld
intodued nt (le ssten f-euaton-(3, tle olfi i Seartnel, o prbean is shr anel ihstareie reinfor ci

0.304Q&+0.~fi8,L~ te neihohdo thattl h tesil ctout Sushe paltonel of thei
For impicit, lt M1 Af2 I00,00 b-in Inthe resilt Ttie thal equael e shearistres fdig shedlr pato

example,6;=175 th) bausteseitrblil alb fudfo c od- to-reachorof the a lael -hn thbasicistructure. 0 S
.nentarvT=,56 beam anltrso hore hchgv d,0 O tela doublersi placte anineptll etinrteod

pouns an-~=~~708 lbillWhe tilse cnstnt~ae to01le-bc wiath r opoitou sign. i'he, fo ac inforc.Tie
intrducedlinto tne ssem fof-su iois (),n ieoho solution is hear paeturatn qaton s wit tellowbicr statescaiee r ee

elloutar obalidbysuprpoin (le ffetsof he ei sha tuati ladts ii til sbasic paistr ofcttebasi

-prtrbtin o =2 il(leocsrs itiuin o lb fled tiexloade doubler flatesimaplicepytlbe inertedow

example, with the-use of tables I (a) anid I (e) tile stringer ill fgure 5 loaidedl only with beading mnomnt Aft. The mlost
loadl at. the intersection of ring i=0 and stringer j= is htighly-loaded shear panlels are those indicated by tile vertical
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1.0 douler plates-of tiekoes f* tire shownl ai-free b~odies ill
F -figure S. Tile silear- perturbation loods applied to thin tire

'-----Basic (eementary- cuotof thle samei :ssagnitiudo as those appliedtohebscprin
tl~c~y)of thie reinforcedi shear pjlineis, but, are olpposite-in sign. T1he

.6- conditions that.-mutst. he Satisfied are:
0 ~(a) Thle stringer load is zero-in stringers j=0 and j= I at,

~.4 0rings i=0 andi 1=1 as each of these points is- approached
- o95 ".0fronlt thestructure outside of the cuitout.

I I 0 (b) TIile shear flow in shlear panels (0,-1), (t0,t), and
.(0,1) cancels any shear plerturbation loadl applied about,in01ctu .',these pliels ([in this eXample, noe shear is developed inl tile S

0 q, 4
9 shear panels of bay i= 0 and this condition is autonmatically

V r0' ... ?br4S satisfied.) all i aho h t

4, antd(1-) (-,) (-1,--1) ill th aicsrc ureiist,
~glII I III I I II II I 1,1I II I 6'n equal tile shear stress in thie corresponding dloulier laite.

140- Condition (at), which mutst, hiold whiere stringers j=0 and0
-They, igi nas 31 are interrupjted by the cuitout, is expressed by at singlef

120. -- Basic (elementary equation ibecause of svlsusletry':
theory)(-0.5000 +0.0476 +0.0895)13+ (- 0.1192-0.0374 +

too- 0.0t0t7-0.01 lS)QL+7ol1=0
801- ~whlere P' andl- Q alre the mnagnitutdes of the ionlcentratedi 1111([

I shear plerturbationl loads, respectively, anld-p,l is tie bas5ic
----- ---- stringer load. 'rite colnditioll-ill shite an ttel (],I) tillat tile

60,shear stress in-tile istsitI port ion of tie sheet equal,' tile shear
strless ilnth (li ollibler plate (Condition (e)) is expresse.i ats

201... ,Srlne's[(.202)'--0.3S-.00440.0t160) 7,+ j 0 0

I 11,11 l'lII j til 111111111 ~(0.tiso~-).Oi w-0.008+0.)5)Q

140 , where ' is thle thickness of tile basic portion of thle shear panmel
-- Tery. rigid frnS and lutl is tile thlicknelss of tile doubler plate. Becauise of

120- eletary 'rg eoftcutout
Batchey try) Edeo Ctu symmel5try, tile 5)1155 eutio expresses coniditionl (c) for

tie other thlree reinforeedi shear planels. Tihese equations

HI 0.3629IP-i0.1617QL=TiiI
-80 II I

----- ------ 0.3314P+J..+.6851) QL=0

S60
For at given-valueo of/ 1/1and for a given mnagnitude of All (so

40cutout li7 tihat, TII call) be. compu)itedi), tis systemt of equations call be
solved for 1' and Q, andi tile stress diistrib~utionls due to theCse

24 ~~ perturbastion loads call thein be sulperposed onl tile bitc
i 'z' stress distribution to give tile stresses abiout tile cultout.

I-Mc Stringer reinforcemnent.-'l'il ilsetilol of analysis is alsoI
10 -90 - 0 so80S easiiy exteiiteei to iproblemss wihere stringers-tire reinlforced

Distance around cylinder, deg itn tile nleighlborhood (of tile-citout. For extsile, suplpose

(a) Stringer loads at rinsg Itorteritig cutouit- (ring i- 0). tl oslil tisesiitesrltieSl~Iilfgr li'
(b) Shear flow in bay atdjacent to cutot, (by i= - 1.reinlforcemsent of constast cross-sectionsal. -ariea extendtinlg 1

(c) Shear flow is net section (bay' i=O). 1)15y oil either side of tie ctitowi. Tiis coaintg-strilsgel' re-
Flaom. 6.-Itesllts of arnplo Calculation. iisforcemssent is iillstrated inl figure 9. JLet the area of thle

iddlcd rdeAriforcing portion of as coaning stringer be A* so
liatcing-in-figure 7. Suppose, no0w, that tilese ,3ilear paniels tilat tile tottal area of tile reinlforcetd portionl of tise strinlger is
are reitsforced by tile addition-of pliates of thsickness 11 to A+A*. It is aissumied that- tile strinlger loadi is abruptiy
thse skins ol tilicklless-1 so tht. tise total thlicknless ill tilese traisllitted into-the titdetl-jtvtion of tlie reinforced coalsi-
sliar Ilanels-is t+t*. The pserturbastiotn loadi systems to-be iing strinlger to tihat the btress is alwtSs gis en- by the force 1
placedl-ois-tie basic strulcture is sihown ini-figure 8. ile four diividedi by tile cross-sectionatl area. i

359282-56---2

W!
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A

7____r____ ____T____

-r 1 1-A-
I __ _ I__ __I __ _ _A_

-lam 1.Ctot wit renoce -mng r

Aga-i- fo ipiiyspoeta il-cvidri oddFnly ienii_ _ _attestesitebs-prino
onl ly tlebeldig linlet.Af shwnin-igir 5. Th srinerj=, a te rngi= isaproche- ro th rin

perturbation__ load_ syte to__ bepae i h ai tie ocdsdeuas(i tesa h nso h- en

tu i shwnillfiure10 rb ade- iocg potos frigmme cniin d)isepegdisflos
of t- Zj___n stiner are shw as fre boisifgr

10~~~~~~~ ~~~~ wihtIpoe-etrainlaoapidt hm Te 1-050 005 .34 2+(.94+o0N-009
co dto st a -it be saife Ire -0038S ( -. 85 001 + .40 007)I -4T21

(a) Thsrne-odizr il tigrj 0ad = atA *
rig i= al( I1a aho heepit sapoce

caiiceIszeuccs 9.-Cutout with roicirercecpp coaabiuts ttesegshea

Aan fori cnp ition s e atmaicthllylstid i loae t inlly the06,( +0l7.) 2 cocin ht hestes n heb sic oton o

only byThe ening t ol e nt si shrt on te in g . '' stringerj2 stern = sapoce rm tl en
petrbto loa sytI tol( b=2 -mae ntm ai tt ocdsdequals the stress at the ens fth dded rein-ocn .41,( +055) ,-.22 =2
puretios show insfigue0. he i= e~ reno1n.otos frin ebr(odto c) i xmes~ sfos

of ) the a i s otr i on s ar e o ng s r odes in Irell s nw n-tlemgiueo -ieetra
10 n jith t prpetrings ionoad~ - ppliwe t them points I( .00-006 .09)P 0.94#0015-00

I(OliolntnO. Aft at muswn betht saisee are:e stine Pod l,)2

rings~~~~adT), call and copued thi ase eahoUhs onsi apoce hs he equations becomee
eqron i e stressc t te t (Ise of the ae d renout. prton

(bf tile shear flow st in ear sanels (0or) (0l0) andown (0,1 0:tiI +.2 P2 +0l[ .1 Suprpsiio of(i
ca e any she iicr l hsstutrol he trse Il-( hs perturbation loads appie abotiti thtersearss

pqaels (r eie.Thiscniini autontcls*atfedP n thise d ois otw1 (4+on i .;(i sreseaou tll- o.~sm

(c)'1'n t es i the bcnasic p rt boh the oang s strngerS, l hsea petebscsrne od ontvr
(l-1 manitde of u the struess petrbto iiCn thle addedlhka reinforncingt concentrated.6853and0.222S
potion (at. ricngs hold where1 stigej II.itrutd tiue etrainlascl e ple pis qa

(d) the haou, scportions oft the eongstines I= a an en ill * ll lis kno and thes i mgitud ss onlfigh e extr .
(/nt)= a t. ringos: i - n 'wenteepit r

apprache frm th sie whch s renfocedthestres Howeei l caes ws hat. tlie basic stringer-loads-d vary 11

ec .00 007t009u,+ -000 00-1 .40 ogtdals hcsove for ti e xaomspe , e te aic iel . Scp erpo itin ofshe

Tileconsitiof thce -ycmstri tissrutrenyrhe stressse-h ascprin f l~ls cice ntou l t i ll petualto an d o i tbsc p s t il ires
stigj2equatocscrrels-reh the ss icowt s aeP I~e l f~ il2, Ice. (istribu aditioyild thed stresse abne cectot
tantue ofn the (condicrtio c) petclaic odai , I is example s ssq i the basicn striiger l ads(co ay icc his(

by0.t895 0.cutout , is expresse 0.0330-t0e05e5of0tables 1(a -,c ca t e aiess opositins hih, aeese sl(lie exigure 10.
1b as folos Hlowgerv e i ess where thmer ofsi qustrionse lod (0ryl

(-0.100--0.010+0.05)P7 -0.096S-0.0611I0040 =oiicdnclfreccpe lmc iescl slae nsca
0.046)I'+ (-0.027- .034 - .002-0.099) + ) 71 aide -mncdiccg t flc e etrbatioan d istrib Te euireod
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Stringer Ii

- -. T r

Li.

Fiocac 10.-Perturdation load system for a proilleir. of-coauliig-stria)ger reinforcceaent.

supplellnentar3 eqjuations are-found front thle conditions of True reinforced shear panels were a sumeil to have sheet
equilbriumn obtained when tike added reinforcing portions of t0 ice as -thiCk as the 11hiforni ohblect, the reinforced p~ortions
the coaming stringers are considIeredl as free-bodies, of thie coalining stringers were taken-to-have twice thle area

Comparison -of results for reinforced and- unreinforced of thie uniformn stringers. Thle applied bending moment m,
structures-Sonc calculated results for thie problems of Was taken as 100,000 lb-utl.
cutouts with reinforcement, just (discussed are-coiniared with The following comparison is nioted for these illustrative
the results for the structure without, reinforcemnt in thre exa"ples.-In the ease of-coaming-stringer reinforcement, thle

-following tablcs-. maximium stringer load is increased, bull, thie mnaximnuln
stringer stress is decreased (because stringer area is douibled),

Striger 03.1 lbfor-and: the maxinnuiin shear flow is not. appreciably changed.
infr~ei~nofInl tile ease of shear reinforcement, the mnaximum shear flow

ring and Siruriure -11 Sfi0l sirunetih~l is increasedl only slightly so that naxinitin shear stress is
1lrin ~ ~ 11111 Iiilu -inr, orrri os~ ablv reJlu-d~, and' -stringer loads are not appreciably

Iorre I*A -Iaffected. i
&01 "158 11-DERIVATION OF PERTURBATION SOLUTIONS4,) X59 , 3 ANALYTICAL APPROACH11.4) 3M0 12

1.) 211 - 0 2_____2_ Equaations for the stress distributions arising fromt the
three perturbation loads-illuastrated in-figure 3 are d~erived inl
this part, of thle report. Th'Ie p~ert urbation solutions arc

0i,~ flo, i~n.. or-ohtaineti by use of t(lie principle of inininium comnplemuentary 0
r~nl~ tune Sircihir reinorceP !v. l'hi piliawih. 1t t 1liit, 11m1ong aill I)os~ble mtres
~iii ~'uf ren(lmn i~eu~ll ist ribu tions inl tile structure which satisfy equilibriunm and

foeonat Iwpor~s forenntile bounldarl~v conditionis onl stress, the (listribidon that, mlost
nearly satisfies comnpa tibility is thle one which minimizes; thle

-12.3 -. ~ 0 coniplemnentary energy ir* where,1:2 I -3 -1,Work d[one by surface strscsti4 2.6 . -2.3 7r*=Jiiternal energy-I acting through tile prsrbe ( 4)

3 ($ll-fce ispiceilen0
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Since dlisplacemients are. not. prescribed anywhere onl the Ie b 'u ioeit iot these trigitolnetr-c coell~wients. The solution
strucet ure, thle second tcrin il nlte right-Ihidl side of equation Jis thenl Submstittr back into thle original expressions for
(4) is emttedl. The compllemnentary energy becomecs the ttringer luadls, Ahear flows, aned rinig iiolnenlts to yield the
initernail energy or stress energy of- the structu're. desir-ed dlist v it ion1s.

In) writing the equation for thle stress cliergy, thle following For cotitenielicu iii application, the sigiiealt. equationg
factors are considered: thie energy of axial distortion of the tire collected in appendix A.
stringinrs, thle shear eniergy in thle sheet, and thle bending PRUlI'INLA OUIN
energr of thle rings ili their own planes. Each of the pertur- CONCY~NTRATED P'ERTURBATION L.OAD
lbation loads is shown in its piositive sense in figure 3.,
Stringer loads tire taken ats positive in tension. Shear flows Epeso o tigrlas-h ocnrtdpr
tire p)ositive as shown il.ligtire 11. Ring bending mioments, turhiation load is shown iii ligure 3 (at); let P repiresent tile

shea, anl trust ar plaed o- te rig eemen, infigre 1 manitude of t his load. Since thie structure is uniforin onmd
sl her ano sitsne Thare s enerigeeet in f igcure I infinitely long, half of thle load goes into thie portion of the
bnte psie s ese teseeg lltesrcuecl structure to the right, of thle ring where thle load is applied

be L expqie2 as (ring i=O), and half goes to the left. of this ring. Therefore,
it, can he seen front figure 3 (at) that, becaumse of symminetry,

0) O) (6)

where (te integration over the length of at stringer-between (f)A( ) iOJ
adj~acent rings has been carried out. -Consider the right half of the structulre, including thie ringw

Ii(the analysis to follow, striiiger loads are expressed inl at i O Thle coiiceiitrated pertiirlnitioii loadl gives rise to
the form of -a finite trigonometric series. Then, by using striiiger loads which aire ci rcu nferent it illy syninietric about 0
the equations-of statics, the shecar flows and r-imig benldinlg striiigeij O (see fig. 3 (a)). Thus the stringer-load distrihu-
mlomlents aire-writ tenl in termis of thle coellicients of this trig- tion call be rep~reseiited by at series of the formn
onoinletric series. 'I'e expression for stress energy, equation
(5), is miiniizedl with respect to the coefficients of the trig- or

onoineetie series-for stringer loads; then, the expressions for .&,(i) Cos 11ja (7)
thie st riiiger loads, slier flows, ait ring bending miomieits Y-
are substituted into thle resulting equation. -Thiis process %%here tile o0tiat ionl uneamis that tile sunulnat ion is
yields a four-th-order fmmIiit-difl'rence, equlation which Canl

,"FRd#

-eo of -- ring element

Ring '

Fiouil: I L.-oiltive scec of tmasatities wecd in nald,.



12 1tEPOItT 125I-N'ATIONAi, ADVISORY COMMIVlrEE FOR =ERONAU'rICS

it nd --I (1'1Oaider now the boundary condition at ring i--O. The

"carried ovcrnra --2 2 stringer loads here are

if mis-odidp
Eyaluation offo(i),Jf(i), and.1,(0).-Suppose that equation p 0o='. 6oj 0(7) iS mtltiplied by cos Ij6 a'td sutned ovcrj front (Ito ta-l.

This procedure yields and substitution -of this expression into equation (8)-yields

r-I J)r/-. -
M '+ +--e 11(12
ZVI cog - En A M- Z Cos e Cos lj6 2) n(12a

Tilhe sumi over j onl the-right-lld sitle is, for 06 It a l anld r'he equations of equilibrium and the boundary condition

at i=0 have beeit used to obtain certail of the coefficients
- of the trigonometric series for stringer loads. The remainderT-I

E Cos nj6 Cos lja=O klg) of the coefficients- tire found by, use of the prihiiple-of min-
P-0 ilum colnlplient ary energy, andthis is the next step illlit ..+ (,=11, -t,o solution,

E- xpressions for shear flows and ring bending moments.--

Thus tie coefficients of- tie trigonometric seriew)in equation In order to use the principle of ninintinu complementary

.,/ (7) are cnergy, the shear flows and ring beiding moineits-muIst be
2 fouiid in terms of the trigonometrio coefficientsf./(i). Shear
f .P cos-nj6 (8) flows are determined by the consideration of the equations 0

.(I+6.0+6, ) J of statics of a portion of any stringer-j between two adjacent,
rings i and i+]. The forces oil this-free body tire shown-in

It is desirable first, of all to determine those-values of f,(i) sketch (it):
which cal be founld front consideration of the boundary con-
ditions and of the overallhequilibrium of the cylinder. (oil-
sider the equations of statics for the cylinder as a whole. P/i P4 ,1
Satisfaction of equilibrium in the longitudinal dilreetion,
requires that the sum of the stringer -loads at. any riig
station-i must. equal one-half of tile applied load P. This
condition is expressed- as L

Sketch (u). •

- Equilibrium of these forces requires that
For n=O, equation (8) gives pu+i.--u+qo--q.,-)L=O (13)

l(it q- - (9) Substitution of equation (II) into equation (3) yields

Moment equilibrium gives two equations, one of which is o 2 2]

automatically satisfied because of the symmetry of the qZ -tf.r=-j 2 [f(i+l)-f,(i)j cos nj6 (14)
stringer load distribution around the cylinder. The other 1 I
moment, equation is In order to find-qt, replicej with a dummy index k and stun

.- I- both sides of this equation over k from k= I to k=j; that is,
E p cos - -write 0

For n--, equation (8) is 2 1 T -Z±, (9kq,k-0 =- 1. f.(0+)--f.(Mi)} Cos nk4-6

M-n1 p -)k.
fi)i==- E po cos.j6- (10)mjT iaWhen the indicated sunmmtions over k have been carried oul,

On substituting the valhes of jo(i) and/t(i) given in equations the following equation is obtained:
(9) and (1 Ot , re apo livo V, i ut o qu l io n (7), there results 

Ln° -
-

m/n- .. .. .~ ... V ~
+p 2) 2 Z ldId1JT+0 MM6

Po= Z, cosA+ C .h(ieos-nj6 (11) .,
0 m
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heterm qo cani-be-found froin thle condition that the total where
torque onl the section iszr.re sig epeso o cos (ria+n)o
shear flows is 'he ~ ~ ~ (muLrHn t l

Th sg convention for thle moment -is illustratedl inl figur

(j+!) I I; thle convention for measuring the angle 0 is shownil
"~2L sRi figure 12 (a).

Energy antlysis.-TLhe stringer loads, shear flows, and(
B: Jending moments are caused in eachi ;ng by at tangential- rigbnigmmnt aemo en mpjresed inl terms of

1tlaing which develops because ofz tile (hiferencee inl shcar tile coeticienlts~h.Tesrmge~lasaegifni qa
flow inl the sheet on- either side of the-ring. The tangential tki).I, h shea lo sringe qato(,ad tir e ndinga
loadl onl ring i-has the value moments inl equat ion (17). These equations tire used ill thle

-Iminimization of the stress, energy of the cylinder with respect -

z - L- sill 11(+) (10) 1o0()
nL 2 11y virtue of the symmnetrY p~roperties of this problemnj Lsilexp~ressed inl eqluations (0)), thle energy inl time structure to the

left, of ring i=0 is time samne ats the energy to the right of
Inl app~endix B, this load( is applied to a ceirctilar ring and thle ring i=O. Thus, equation (6) becomes
beniding mnomelt, in thle ring is derived. T1his procedure

.stilts inl thle-following mnoneit, inl ring-i (see eq. (119)): 2

rn

MUM !1u4(iJ.)111(n,4) (17) 2

Poe 0
to 2
IPanel

I (OW

(2)Fr ocllrle 11( d-tiiit crnl~io-Od~ b Fr-h11 )rt~I:~il 00(.-

Fmuu - ovnin'fraglrco~iitc~ ,

0*

.24
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Note that. A/O,0) -s identically ziero because there is no A closed forum of S. is p~resented in appendix C btc the series
dlifference in slear-flow across- ring i=0 and, therefore, no rforin converges so rapidly that, it, is usually-more conlvenient
tangezitial load acts oin this ring. than the closed forin for use in calculations.

iiini'tation of the stress energy with respcc to f.(i) re- After substitution of the expressions for stringer loads,
sits in the following equation- shear flows, and ring muoments into equation (18), thle use

of these lefinite sunis (19), (20), and (21), and definite
0 integral (22) results in the following equations which express

,+4pi,+g-,., ~th:: condition of minimm stress enlergy':
J.9-Fo i=1,

J 0'~ Mil )AN+ M1 i 6)!).~ and, for i?-2,

Of -Wi -JI
where

The coellicientsAfY~) and AM irc known already for all

Values Of-, anld j.(0) is knownl-for 0;5 LrL E iquation (18) - ,2 ~2 16

therefore neels- only to bie considered tor i _? I aind ii 2. W
The expressions-for the stringer loads, shear flows, and ring
bending moments tire suIbstituted-into equation (18). Then 44- -Ba
thle following definite suils are needed (these, Canl he obtained ShI - -
by the p~rocedlure outlinedl in ref. 7): 2m

Zcos itj6=0 t0<nm) (19)6

and for thie integers it and I restricted to thie range 1 ;9 it cJ5ii

and t :V6. I
M-1 Solution of finite-difference equation.-Equation (23b) is -

ZCos 1.16 Cos aj6=0 Q(i) at fourth-order finite-difference equation with constant co-
J-u

ia(20) eflicients. (Note thant thie symbol irepresents thie index
+ "!2) 1a) of the rings and baiys and should not he-confused with-the

-~ usual notation for V=j which never appears in this rep~ort.)
and Equation (231)) corresponds exactly with -equation (24) of

reference 8. The general solution is presemited onl pages 23 to 0 0
Z sill 1Q+ a"sil n + 6=0 (10 11) 26 of reference 8 and( oin pages 28 and 29 of reference 9. It

(I +gm)(21) Via be written ats

(=eM.) + S Z) U nC " [a . 1% . W + a ,, A 2 X() a 2) ( 4

The following definite integral, which is derived in appendix (i*=2) (4
C0, is also needed: where ie( upper sign is used when -j,<0 and( tlie lower sign

J12 , ~I,(,~ whenl y,>O. 'l'li values of A are as follows:

0 (22) For D.~= --- > I

where A~l cSi,

(rmrna)' [(rmnii)y-J2 i where

and where nan 11( t ire restricted to 2_:5n_:5L, and 2;919fA Cos'+-0
2 2 2
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For D.<l, painels adjacent-t(o-stringer j=0 tire given, by

q~o=-qt, - T-iL-1+
A~,i)=sili ix,. 0f

where All thle other shear flows call be found by thie use of equation
F~i~ f.+l\2(13). If desired, the moment distribution in -the rings canl

2o "7.J be computed fromt equation (17) and thle thrust-and trans-

For D,.= 1, verse shear in the rings canl be found fromt the formulas
A1 = ~given in appendix 11.

A= DISTRIBUTED PERTURBATION4 LOAD 1
Expression- for stringer loads.-The distributedI perturba.

InI thle inverse trigonometric andl hyperbolic-funetions, thle tionl load is shown iiifigure .3 (b); let S represent thle Inagni-
p~rincipal values are used. Thle argument P. of the expuneni- tudle of -tile -total force dlistribunted along stringer j=O
tia] function is given-by thle positive branch of between rings-i=O and( i= 1. Fromt figure 3 (b) it is seen

that

,p, cos-, _____ L-+1 1''-Putt (i I) (27a)

(i 1) (27b)
At at large longitudinal distance from thle applied load, thle -M i+,)' )(7)

stringer loadls should- approach thie elementary distributionl1 2c
7, given by the first-two terms of equation (11); consequently, At ring i~l-andl-to the right of this ring, the stringer loads

for n?=2, f,.(i) approaches zero ats i approaches -iufi~tY. canl be represented by it trigonometric series of exactly
The first, tein on thle right-hand sidle of equation (24) thie same formi-as-equation (7)
satisfies this condition;-however, the secondI term (does not
and, hence, nust-beoonitted. The Solutions, thenl, that are !oE--.
compiatib~le with thle boundary conditions at. infinity are: PI,= 2 E,( M) Cos nib (28)

f~()~,(aA1~i)a~A2.iA (n 2_ 2) (25)0
except now ill 1, andl thle coeficicn~sj,(i) aire different. from -

wilerethose obtained- for thme p~receding ease of -thle concentratedi
~ +.e~.load.

Evaluation of-J~i) andj1 (i).-As iii thle preceding case, thle
Now the tirbitrary constants a,. and 02.t(, re lterniinm0 first two coefficientsjs(i) andj,(i) canl be-obtained front thle

Thie first, a,., is obtained immediately. 'Substitution of equations of statics, andi the results tire the-same ats before.
i=O into equation (25) and Use of equlation (12) to evaluaIte Equation (28)-becomnes
./I.(O) yields SS .

(aI r. 29~ o ~ J,(i)cosnj6 (ie-1) (29)

Subsituionof quaion (2) an (2) ito he ounary With tie concentrated peiturbation load, -all the coeffi.
Subsituionof quatons(26 an (2) ino te bummamy cients *f.(O) were easily found because -tile stringer loadl
ertmatio (23) yihlsdistributioii-at-ring station i=0 was known. Here no such

-01.+2(,+ 1) J> (list ributiomi-is- known. fin ordier to dletermuine thme boundary
0 - comditionat bay 1=0, the effect, of the distributed lpertulrba-

C tion load-on the equilibrium of portioins-of stringers in this
where bay must be investigated.

~,-~3 A ()+~,.,(2+(2-~I),A,.l) ( ~ xpressions for shear flows and ring bending moments.-0
Away from bay i=O the shear flows and ring bending mo-

Time solution for the concemitrated lperturbatonl=oad is now trnents are of the Saine, form as for the concentrated loadl.
conmlete since time -coefficients f.(i) tire completely (lefihied T'ie following expression for the shear flows is obtained
ammd may be substituted into equatiomi (11) to -give tile by use of equation (13):
stringer loads. 'rue shear flows caii be found from-equatiomi.
(15); however, once thme stringer loads are known, it is simipler q.-2 2 (±-J~ sn -_ I)3O

tcalculate time shear -flows ytieube of (lie e.quiti~oii of jmQ
to~_) bytm ~sill5statics. Because of- symmnetry, tile shear flows in shear 2
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ThIe ring bending- moments aire obtained inl appendix B as Substitution of the expression for stringer loads (equation
(29)) and like trigonometric, expansion for 64, (equation (33))

lit ~ ~ 2~ into the equilibrium equation (32) yields

wbere IJa- cs(i~) o~JJif2 2 S-j() o j

(rm~n)~I~III -I )-I nOrder to finld qoj, this equation Canl be treated inl thle saim
Thle applied force in bay' i= 0 may be writ teni as S80,. Conl- mannier ats equation (14); that is, replace j bv at dumniy

sider, now, thie equilibrium of at tortion of any stringer j, indles k, sumn from zk= 1 to k~j, and t hent use t(lie conditioni
between ring i= -aiid ring- i 1. The forces onl this free that. thie total tor(lie Onl a cross sect ion ill bay i=0 mnust be
body are shown inl sketch (b): zero, rb'is lproCeqlui. resultts in, tile follow~ing expressioni for

thle shear flows in bay i= 0:
q0jL 46

0 1
qo, ~ 5ii ii(~+1) S (35)

m 1le expression-for t(lie bending-moient. iii rings -i=1 anid,
i=0 is yet, to be fouiid, as this expression dilrers-froin that

L for tile monient, in the rest of the rings givein iii equation (31).
Th'le momeiit in ring i=0 is the- samne iii m~agnituiide as thlit,

Beaueoft i at Sketch (b). i ring i=1 il b opposie ilsign. The t angentia oadinig

1i'quilibriuni of these forces requires t hatri

Pi-~ , qo , )L-S oj, 0 q8,-111= + -- ___-- i
Be~al~eOf (10 iiVmmeIItQ' I)rOp~ertV' exlIrCSed ll jail

(27a), thie equilibrium equation becomes B nlg iheutos(6 n 1) hn h edn
2pz,)+(qoj-qo,,u)L-Sa',0 (32) mnoment, in riiig i=- I canl be written ats

11 is conivenienit, now, to expanid thle IKronecer delt a &', ill---~~
afimite trigomionetrie seri s, U01(, 0) 2 2 ~ ()~~Imi4 (36)

(33) All I lie -iie loads, sheiar flows, and ring bendimig
~~ cos moments have now been expressd iii terims of the coelliciemits

fX(). Th'le st riinger loads iire given imi equation (29), the
Multiplying thlroughi by cos 1jS and suminli over i front 0 to shear flows ill equations (30) aiid (35), and thle ring-inommu'mms

to I iels te rignonetre oeficintsd~.'1liereslt.is in- equations (31) and (36). Th'le next step) inl thle anialysis
2 is t(lie subst ittutiomi of t iesv expressionus inito the equii ol

(3.1) obtained fromn minimiza tion of thme stress eirgy of t[lie
k cylinder with respect toj*AQ).

Energy analysis.-3 virtue of the kyamictry 1rol aties inl this problem given in cqmations (27), thle einergy iii the strmic- 0
-- tore-to time right. of-bayv i=0 equals the energy to the left, of this bay. Mquation (5) for thie stress energy ranl be-writtenl

Minimizationi of the stress energy wim~m respect to f4(i) results iii the followimg-equations:

01 Ur1 O~pt, I?5L(, q 1  q, ~ , lI24) ~*iJL~

+~~~S 971 S -" q:6

j~~~~~~~ ki S ~I'o. YJ 'fv E ' a.I
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W.W_ -fX) GI'00'O))]+J'* ,~[ .~ 0'

Solt) that equation (39) is the samle its eqjuation (1S), except, '-)±I

it. ~equation (30) is valid only for i?.2 12-)Al ~ ,2) (.12b)
'l'ie stringer loads, shear flows, and ring itomients are

sub~st itutedl into eq(uat ions (38) and (39), And tl1101 tilt I'Phe coefficients h(i) tire no0w delined for the distribut edl0
/ (eile ioniUS-and definite integrall derived ill-tile p)receding pertlriltionl loadl amid-ma)l. bie substituted into equaiomtil (29)

.1ectiol 111e lised- to simlplify these equat ions. After simpi- to give the strlinger loads. The shear flows can he fouind
E1tit oll, tile following (equa~tion~s resilt: fi 0111 equlationls (30) and (35), hut, aigain, once the stringer
For i1l, loads aire known, sheair flows canl ealsily he found hy uise of the

equlationls of statics. Thes'l. f~leaow inl thec panlels ad(jilevint to
.f. (3+'I )f.()2 f =V strinigerj =0 (-ilt be founid by conlsidering symmietry:

1I hay ;=rr(
(40a) -p,

For i =2, ZL

*4(.I)+ 2 y.(3) +20,f (2)+ (2-1.- jfj( ) -SI. (40b) ad usd fhyi0

-Ior i j _:~i 3, I

4(i-2)±2y.(~1)+2.8j.(i) +2yS l+J(i2 The othler shear flows are found front equation (13), ats before.
f.(i2) +,y~t(z ) +f(i-2 O if desired, thie ring AInonlent~s clill be obtalined-ri oin C equat ions

('~)(;i) and (36) and( tlie ring thrust andt( t ransvecrse shear con

Solution of finite -difference equation.-Rquation (400) be found from tlie eqjnatiolls giv'ell ill appendix B.0
is tile sillll ats equlationl (23b); therefore, tile solution to SiIMAR lll1TtUllATION LOAD)
equlation00I i Expression for stringer loads.-Ihe shear p~erturbationt

*f,~)~ai,1~() +,A2 (i) (t g2l (41) load is shown ill figare 3 (ic). The mlagnlitudi" oft lt- hoad tper
I unlit lt'ligfii liplllied -alolng tile lillngers l1111- rilis bordering

whichl is the sameit as C( 1lltioll k25) exceplt for [ lie v alutes of blipal' plail (0.0) will lw represtultchI b% 9. Frouli-ogure 3(e)
til~e arbiry colIstaP~s at. anid az. Thlese(- constants aire it is seen inht tile longituhdinll syililletry p)rope(rtles ill till,
fouoid by thle sub~stitution1 of tile solutionl W) inito equlltious case tile thle sale, ats those for the ellse of thel distribuited
(4001 anld ('l0b). This jploct(ltllC vieldtls illill IlIlS s ertuirbatio ilon given1 bl~ly equalltion 1 27).
algebr-ait: equationls ill al5 aldh CV2., an~d-tlleir soluitioni gives Thle shearll pert urbation load is self-equilibi at ilg and1( gives

3ri +1? -,z. 28 =O For' -i? 1, tile stringer loads may~l be-represented by

3 2S w~t~i hee l llicielits 4.(i) tire (lrereilt. front t hose ill tile two *
- ~ ~ ~ -i C. A - -5 ~ precedinig calses. The teril corresp)ond(ing to it - I v'anishles

bectiII511 it reprlesents till elemien~tairy benldinlg strillger-loald 60
dlistr'ibutionl, and1 tile shiear pertrtbllatioloa d(1(1ooes l1ot require

whio d., t(lie coefficient ill tile tr'igonlomeltric series foir tile this (list 111)01 ionl for overa~ll equilibriumi.
Kronccker odelta 6k, has bell replaced -by its valuec as givenl Expressions for shear flows and ring bending moments. -
ill equationl (34), anlo where thle 9's 1111(1 fs are givenl by 'N one of tie(. coefficients &4(i) inl the trigonometric series k43)

= ,=,?A,(3)(2y~ I)~,,~,~(2 ±2(-y~,~~,(l)can be found from tile equlationls of statics. Furthlermlore,(2,,-1)."..th(le boundary conitonli llt baly i 0 im1(st l)C deote'rmlined front

(s= 1,2) (421a) a itCollSioleriatioll Of time effect, tilt, (t(e slidlil pert in iatlioli loald
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has- oin thle equilibrim- of-I te portions of stringers iii baky Because of the alitisymnimet i property, equation (27a1), thle
i=O and on thie benlding mlomlent in (lie rigs bounding this equal ioo of equilibriumi blecomies
hay. Thus the eniergy approatch inust, he used-inieiliately
and1 thle i'si. Step ilk this appr~loaIch is to Write thle shear flow;S 2i+( 0 -~ 1 L-Q5~- 0 ) (461)

Outsid in trnls f 4(i) (liecoelbtentsThe suibstitu1tioni of the Stiniger loadis (equation (43)),Jito:'
trgntics fo r ie fby=or the stinfatio lofath equatio i of3) tile eqtuilibriunm equation (46), and1( tile inltrodluct ion of tile -

slates or le ~orion-ofstriger bewec adacet rngg trigoniometric expanisioni for thie Kroneck-er (lelft a"5, (equii ionl
portons strnges btwee adacen riigs (x;)) yilds tile following equation:

yields5 equation (13), tie samne as ;it the two preceding case.
Subst it utinig equiation (43) for tile Striniger 1011(1 inito tile r ni 0
equlilibriumli equationi (13) -and~ following (lie samne procedure I 2OF 2  sn
usedl to-obtain equationi (15) yields tile exp~ression for thie L e A-.1
shear flows due to (lie shear pertulrbaio ond 2 ait:

irnt- Qd1l[cos (i-I)b-COsjb]- ~Q~[o. ~-)-csa
-J 1 , (j) COS JliS =i~1) (44) NOw o0j ean, he found,( by replaciiig j With aidt m index k 41

21ugilnsimlg over k froiii k= I to k =j, aind tisiiig the Coiidit ion
that. tile torque onl at Cross Sect ion Withi l bav i= 0 balainces

sin~tageniallodins o th rigsto li riht-of thi applied torquec. This procedure results III thel following"
are iiig equationl for tile shearl flow ill tile central -bay;

-or -'r

z i!k1i-i., _ COS nja qoQdo+Qi1 cosja+ -q.CSn6(7
2L sill Ila aS c0 S (7

]in apphend~ix B this load is-applied to at circuilar ring and thle Consider tIle benlding" ilolment ill ringhs i= I anid i~t).
following expiression for thle mnomen t inl thle -rilig is obtained Th'le mnomnt, iii ring i=0 is idenit icail inl mnagniitude to t(lie
(see eq. .(Bl 3)): mnomient inl rig i= I but, of opposite Sign. T'ile taingemitial-

in in-I loading per uniit airc length il the piortion oif ring i =I
T~ Win bet weenl st ringer j and stinlger j+ I is illusotrated ink Sketch

where 06 i l~rs

-n)'i +a inrm+af

The conventioli for mneasuiring the angle 0 here is a littleb A
differeiit-than before anid is illustrated iii figulre 12!1

Now, tlie shear flows inl bay i=0 and thle bending o mle tsQ1
= inl the -rings bordering hay i=0 must Ile fouind. Ooiisider q strge r

tle shear flows inl t his Central bay. rb'le shear pertumrbat ion0
loading appiliedl at, bay i=0 may ,be written Q~o,. Then thle Skeitk (dt).
forces onl the piort ion of aiiy st ringer j between ring i= 0 andi Whenl liese t aiigential loads are added -anldtle series ex-
ring i-I-arv as shown inl Sket ch (c): paiisions for %qo,, 011ad 601 are in trodiiced, the total load

qj L 8L ile] unlit arc leuigtl il ring i= I is ive yeh

p, 1  qu,-s,+Q~o,~ 2 9,()-f.0I) csi
n.2Z 21L Sinl

qomrL ~ O0 ,1 IL Byanalogy withI eq(uat:ins (16)11and1(17) t(lie bendinig moiienit,

in; rng i= I is

r2 2L /.'

Sketeii (c) Eixpressionsi for st ringer loads, shear (lows, iii'i ring 7

Equiibrumn of these forces require's t hat. moments have b~eeni writ I ci inl, terins of the coethiclits
J0(i). The stringer loads are givemi ill equai on (413), tile 0
Shear flows inl equationis (44-) amid (47), iind ring moments
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in equations (45) ait 1 (48). These expressions are ready to gives two simultaneous ailgebraic equalltionis for cyl. and a:,.
be substitutedl into tho equatio01 which resulits from mini- the arbit rary Constants. Solution of this system yields
lfiizing the stress eniergy withi respeet. toj,,(i).

Energy analysis.-llecause the longitudinal symmetry 11__ 4 *IQLt n
relations which -e,'st-for (li distributed perturbation load, - - _____

equationls (27), also exist ill tile Case of til hear211 perturlbationl
load. tile stress-energy expression ulsed ill(tie dlistrihbutedl-
load problem can -be usedl lere. The expressioas obtained iil 2il 4Q
onl iinimizillg this -stress eiiej~y, equations (38) anid (39), :1 2 116
are also applicable here. Consequently, the stringer loads, ( f~r~~
shlear flows, aild-ring momfen~ts just (derived aire subst ituted 2l I+
into equlations (38) and C.1(9). At this sti61 ill tile two Thie it's 1)11(1 V's ill this Case tire prlecisely tie samne as, ill tile
plrecedinig calses,cert am (lefillite sumls anld a (lefillite il~gt.ll lpreeedling Case oIf tile (list ribulted plertulrbatloll load; %., is
were introdued([to suiplify t ie equations. A similar proce- giebyqutn(41)adlbyqatil(2).
(luire is followed hlere. With thie coefficiintsf.Q1) knownl for tie silear. perturbation

'l'lle (definlite sums whlichltare of interest tire load, t he st ringer loads lire obtained frollt equlationl (43) andll([
Mn-I1 tile shear11 flows Can be found froml equlat ions (44) an~d (47).

''sill it (j- 6=0 For painel row j=), thle shlear flow equations ilecollml

ll11ld loll le iliegers-i and111 I restriel el to tlie ran~ge 1 ;5 n g __

ECos 1j5 cos I1j6t) ? (1) alld(

_ I qo_301& [ tD) 2Q 1
lt+6.A (=n) ~ + . 16+ I1(1+6l
2Ls I rn f- [n-11

111 :sill 6 Si si II -D6 (j-) =Oq _,) Wihen tile shlear flows ill panlel row j=O -are knlown:, it is

(j- 2simpler to Comopute tie remlainlder of thle shear flows bky use (If
tiOle eqlilin o stie rather thneltlltions (44) ad(47).

14-6 (111) In sllear pilb (0,1) and (0, -I ) ad~jlleellt to tho, loadedl panlel.
tlie shear flow1 is given~ by

Thle requtired definite inltegral, wichl is derived ili appjen~dix 2)1 La
C, is q.2qp-I~- -l-L

1I.(l, ~11l1,~I~0 I 5dIl) All tile othler shlear flows tire found bly use of equ ationl (13).
If dlesiredl, the( rillg b~ending mom~en~ts Call be found fromt

S~T (t46. '~) (I Il) C ti011 (45) andI (48) lind( tile ring~ thlru~st 11111 t ranlsverse

- 511121shea call be1 Cclatedl froln tie formulas giveR) ill ap1-

where it and Itre retitdto __n;L~ til( 2 !;I. pldi1.
alll 1 retrite 2~ I amn 2 1) LIMITING CASE OF RtIGIID RINGS

Af(telr simpllification (the following eqlllltionfl esult I ~t ll l~~i~ tf'15 salwdt lees llei

For i=I1, Ilitely, tile rillg's app)iroachI C'omllete rigidity il, b~endling, tile
M3--(2-1.- I).f.(2)+ 2f&-)f.(I) paramneter C app~froachles Zero1, 1111(1 iI Considlera~ble silliplifiell-

-2r~d. ti~4 t -l oll result, For this limit ing Calse, equaltions (23) for the,

:1 }Sl 2  C111 onen~t rat ed plertuorbation 10lileue to

For ;=2,

*f(4+2~j,()2,,fA2-l~24I~(I0 .11) f.(i+ I)- -n )hi-)~- B.~ (50)

For i ?.3. whlere

(49c) J1431+2(1 -cos n16)

Solution of -finite-difference equation.-Equatioll (49c) T[his (:tiiill beshowln (lIil% l).% mulltip~lyinlg equationls (23)
is tile samle tiilite-dlfference equation -for A% ilich ltie solult ion t1ll o1g1i b 1( nd11011% ing (C ( apfproa~ch 0. Eqo(lat ion (50)
is writteln ill tile two pr)1C..... q~ sect ionls SubstituOtioni is at seconld-order finlite-difference eqfua~t ion with ConstanRt
of tills solution, equlation (41), l.t ~o equation (49a1) and (491)) Voflilt.'lesieetltiOl oe ii ihisglea

C~~effi('ielk(-.~~ Th Snvutmtgehrwt t ec
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solution, is givenk inl refetenee 9, page :31 . The Soluitioni Foi the shear pert urbation loadI, equlationis (419) redluce t0
colliliitible withI tile b~ound~ary condiit ions act iiniity call be
writtfen as (:If 2+2+A 4()-6 dj si',

Where J.i~doY(1)fti1~ (4()+h(iI)=0 0(i 2)

cosh X. L
J~cl' Tle soluitifolk is agaiti eqtuatijon (,')) and a. 1'eeoinecs

1111( where tlie upper sign is taken wiieii I.>0O anad the lower116 sn Q
Sign when A.(0.

'rue arbiitrairy voiistaikt a, is dew rilined by evaluating tlie Ia (t. K0
solti lions, equa~t ion (51), for i=0 iand ilt ioduciuig tile vailue
of f,,(0) given inl equation (12). Thel result is illenticill to CONCLUDING REMARKS
a1, giveil ill equation (26) A met hod is presented for thle stress anialysis of eircuiliu

seliilkoiiocoilue cyliiidens with cutlouts. -It. is miost accurate00
- - (a ~ 2 ~ il problemis where tilie entoil t is located far from externial

10(1+6,,, ~~~) restraints. Th'le loading may1k he1 any cominatili ion of torsionl,

Eijiiitoii (I) iiid IS) th e~~resiois tm' I rligr lads if thle st iess (list illui lion ill (Ike c Hadiier -wit ioiit it ciitoi.

iindslieau' flows, resp~ectively, used before in tilie raise of the Ikiwi
I rlihe met hod of anialy-sis is haseoith urp.fonf

concent rated pertiirbaitioni load tire htill valid. Tito suhsl i- certai lirubt iiihi t'res d ons~ giw sue toi fft
tatlion into these cetprv&siolis of I le sont ionl (51j'u itli dlie conl- -triile Stress (istibiit ions tohich wotld eitt
stanit- a,, as fodave il s th slinger lotndber of tile c"1tout onihl tesdstiito hchwih xs

foii aoe cllste oas inlsha inl the c~ liiider without at cutouit. Thle equaltionis for the
flows (ilie to it conicenltiateid perturibat ion 1oaii1 when tlie niligs 0ire-e leesa erturbalitioin Strless dist ribiutionis tire derived
callk be coiisiilereil rigid. * ill this report, aiid I alles of coeffivii'nts calculated from these

F~or the case of thle distribut ed perturibat ion loadt, equatioins equaltions aire preseliled for at wide rainge of Structural prop-
(.0) redunce inl (lie limiit, to erties. RIing bending flexibility is taken-into accouint, in tile

(-A,,)A(2)-F(B-t,),()31
2 l tables. Ti'le tables refer to at structure having .36 stringers,

'Ibut they cali he tied foi- cyliiiders having aiy number of
f,(i I l-' ) striuwors liv eit'itributioui of tile ac611.l st ringer. ure-a iii to

36 rictitiouls 5triiijgiis. Samlple calcullationis iitiiinig tileJ
table,, of 'oefflicients tire pre*sen ted to illustrate thle iiiuiyticad

'I'llao ari iinuQt eoiistA ant ill the s',llit ionl (51) is pu ocodkure.

61?.9 S !~IANxim1y Araoion i-iiC.l L.~A1,Toav,
.j(..4~5.4J ,ii'I+4~ I NA170oAY. Aimvsoity CommrkIn FOR AERON~AUTICS.

I IANXiliY FIELD~, VrA., Mahi 2, 1956.

APPENDIX A
SUMMARtY 0OP SIGNIFICANT IQUATIONS

Tlhe formulas amiil p~araimieters requlired for Compuu I fing tilie where S is (Ike total AIiplie~ load.
stress (list ribui I ion due to conlcentlratedl, distribuit ed, lad Shear perturbation lail (see fig. 3 (c)):
shear pert urbaftion loads are collected inl this appenidix for m -I
reference. LOII 1 ,0)iia i

Concentrated lick tuirbation load (see fig. 3-(ai)): Solll~i FLOWS

p p -~ or Comicentra tedl pertiurbatijon load (see fig. 3 (ai)):

Pi + Cosjis+ -Z A40) cog ajs (q_-0) For tlie Sheari pl hi -panel rowj~o,
n-Z

PmoP1+1.0
vlher -P ii the-ni)p~icd load. ~2

Distributed perturbitfioii load (See fig. 3 ai(bfo)h):eindr fte ha illes

n ,-1
Co -6 A( o 1r--441+Ql j;1

21nlPo~ in Li
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Distributed perturbation load(l see fig. 3 (b)): Discriminating paramneter:
For the shear pilUl (0,0),

qWS-2plo 01-Trigonometric coefficieunts: 0

for tlie remainder of (lhe shear pattel3 ilk pttiel rowj=0, Ahr Mi + 2Aj)2)

mid1(, for till other shear paniels, Al,(ih'eos iX. (14>0)

Shear perturhatioll load (see ig. 31 (c)): i)inx.C,)
For (lhe panel about. which the, load is appliedl, 2()siiX(D>

+() 2Q ='silih ix. (l 1)

X.(l co- (I).>I)

for tho remilainder of thle shear panels in row j=0, . ~ k ~ ~ J C,'

T-o co'll -iYI IhI
2 '!2 f.(i+I)-A() 2iI

"' 2L srirrinL ~ k ' 2~

for the sheart pattel (0, 1), cntitsfrcnetae )rubtotltd

2pjt+Q1,I

for the remainder of the shear p~anels itn panel row j= I

q -!~~ '-+'p y~I 02.

and, for aill otbet' sheat ptanels. whtere 1) is time ap;plietd load ttnd

q1,=l':fr '-l' ,. ~ ~ 2)Arhit rary const ants for (list ribumted perturbttionm lotd:

RVAI.UATION 01Ttt TttC)NO'itRIC CORVPFICIENTSf4(t) FOR XItt.R lli4y

Basic p~artatmeters: 3o, h~ 6

B Et' It'

I) 3 _ 2S

Auxhitrv ttttlmetcS:where S is tite total Implied loatd ttntd

~ (2y, 1)3,2 .,(2) 2($, 2,y,.(1 -s 1~.,2()

9 =3+-J'(s= 1,2)
Arbitraryv constants fot shtetr perturbation load:

_3 BV~
Si,-': sillj2:~:' 4QL

* 0S

4'__________________ ' - -
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1' fl-4Y,--l I n6 Trigonomnetric coefficients:

where Q is the applied load per unitljength. Arbitrary constant for conlcentrated pierturbation load:

E'VALUATION OF THEK TRIGONO.METRIC coKFFiciENTS t.(0 Pon RIGID rn'+
RINGS 8~

Blasic parameter: Arbitrary constant for clistributtetl j)er-turl)ationI load:

T, B61 S

Auxiliary piaramleters: A" (T-*11 e-+) 4 1 +6~

dI4=3i?6i- I+Cos ns Arbitrary constant for shear perturbation load:

B.=36*+21-os W6) 12B1t Sill
2 _ QL

X. olkl ae-- -'- -+

APPENDIX B

BENDING MOMENT, AXIAL THRUST, AND) TRANSVERSE -SHEAR IN RINGS

Exp~ressions will lie dIevelopedl for tlie benlding mnoment, I hen the inoiunt, thrust, and shear in this ring aire, respec-
axial thrust, and transverse shear in it circular ring undIer tively,
tangential loads such as thoso which arise front thle (differ- ~
ences in shear flow across a ring in at circular seminionocoqlle 41. Y, 0) u. _ Silt I
cylindler. I) Co I

Two-cases must. lie considered: One case-occurs with the 11.0 R ~_.I1 il10b, I O o (2
concentrated and distributed perturbalion-loads, where tile acsn ~ (2
ring -loading is atiiyvninetric about, stringer j=0. The -~

other case occurs with (to shear p~ertu~rbationi load, where 1790, - Cos no-f6,~ __ sI? n
thie ring loading is symnd~ric allouVt panel row j=O.

CONCNTRTCDANDbl~RIBtRO i:UURRT~o LO~lS Figure 11 shows thle sign convention usedi in writing equa-
CONCNTRTED ND ISTRBUTD PETURATIO LO118 tions (132).

For the concentrated and( distributed piertuirbat ion load,
thie tangential loading on naig i has beenl written in thle forma Consider, Dow, one lerin of the series (131). To expand-
of a finite trigonomnetrie series (see eq. (10)) this term in at Fotirier series, write

sb , in~l(H) hee sill 11 (c+!,6- Sill ro (B3)

here whle (C'J.' a tre thle Fourier coeffhcients. It, is obvious
116 -that thle first lu4-iouie which will occur in thie Foturier series

b, 1=-( jgM a2) in equation (133) niust, lie that, for which r=n. Trhe other
2L harmionics, then, will lbe addedl to this to build 11l) thle step

shape of tile leading function. Tlhe Convention for Ineas-
Thisrin lod hs a tepise1'aiatihl itoiii therin, hi19 tiring angle 0 in this ease is illustrated in) figure 12 (a). Thle

constant, between stringers andl having judi lscoltiluiies index j canl be thought, of ats a func''on of 0. tliat is: when
at thle stringers. The limitation tlmt n 2 ensures that, the 0<0<6, j=0; when 6<0< 26, j=-1; and so forth.
ring is in eqluilibriuml. InI ordler to carry otit, (t(,e expansion, eqution (133) is

Thle procedlure will be to expand each termn of the series multiplied through by sinl lo andI integrated fronm 0 to 21r0
(131) inl an infinite Fourier series ini the variableo. For each
harmonic of the Fourier series, that is, for a continuious ~ fii .~i lI~51
sinitisoidal- tanlgitial force -dietribution, on the ring, the 2
Ilonielnt, thrust, alIC shear in the rinlg are easily found.
(See ref.8, p. 33, for example.) Onl the basis of illextensiolial Z(c,X , sill ro sinlk1 do

defomaton ilt th imelee oftrasvese seardisortons
thle results are as follows: If thle taingential load oil rilng i is After integration, (t(e right-hand side of thlis equaution

givell kvbecomes
a. cos no+!,~ sinl no (n 2/'g~~
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by virtue of the orthogonality of the-trigonometric functions. riig is
The left,.hand side becomes M,(i,,)=R b.4 (118FAf (~o=R Lb. Sll 1 (11,0) (118)

2 sil where

--- b.,y sill n + )6sl +) 6  ... -, = (r(ji+) t(rm+)---i

oil carrying out the integration. From reference 7 it can Equation (138) gives the bending moment in a ring which
lie shown that carries a tangential load distributell according to one termn

- il of the series of equation (BI). Whenrthe ring is loaded by
sin J) + s - the sum of such stepwise terms, as in equation (BI), then 0

- U- + the mionient is given by a sum of terms like (118). Tile
= L(- J_ ) -j+, /  bending moment in ring i is-therefore

774 ,n-,l
-or2 L--

whereJI=l if hi-is an integer, and Js=O if his not an integer. •2 . m b. 6 11(no) (BO)
'Pints the Fourier coefficients are given by 2 1 0 9

i r For completeness, tie expressions for axial thrust and(e,). 1 .-_b _Lg - Ii 'L-2 I+.)--' transverse shear call be written in a similar ttanlneI -

b Ii

'Tlhe nth terni of the tangential loading oil tile ring is T(i,,)= 7 1I- b., sil -!i (n,)

b, sinl i 61
V or--

1I L b(i,,) s L, b(n,o)
7!_" -' ~ 1sill 2l=--b.t . I--) Jl,--l t.---sl (B4) wher

x t-, L " -ffJ " cos (rm+u)

By use of the-trolpertilps of J, this-sunination can be re- --
written P sill (rIn+1)o
b,, sill i +I2 =L6b.l sin (r' +  il l (rn+n)0- ,m+,) i(rm+n)1 -1I

b~1in \ 2/4 L ~ rm- + n (rn )- SHE~AR PERTURBATION LOAD)
sillG 111 the ease-of tle shear lerturbation-load, the tangential 4

i(rm-lsin)1 - (B5) loading on ring-i is given by the finite-trigononIetric series

v-n! rlf-ll U I t4-'4

Ol expansion by the sum and-differenee forilas of trigo- a., cos njS (B0)
nobnetry anidl-with the use of the fact. liat m6=2r, it. is where
found thata

a. -4 t4i u (it ? 2) 0
sill (rsi+n)(-1) 1 2L sill -

sill =-/ sil Equatiol (1110) call lie treated iii a -mailltier analogous to
2 2 the handling of equation (111). That, is, eacti terin of tile

When equations (B6) are substiuted into equation( series ill equatioll (1110) can lie expanded ill a Fourier series.
Then tie nmonienl, thrust, and siear in the ring are written

the following relationship resilts: imlnediately.

b,~ ill i ~ ~ n~sin~rrnu)%Analogous to-equlatioll (13:3), write
2 U-o r7nr-

sh, (rrn-n)¢] a,, cos nib= (,), cos ro (B111)

where. now. tile angle 6 is ats shown il figllre, 12 (h). If h)ol h

-----t, 1ms si-r-+--- (B7) sides of equation (111) are multillied by cos 14 and inte-
Sb Sill-2 rm+n grated from 0 to 27r, there results for tile Fourier coefficienls:

From tile- first of equations (32) it is seen thai, if the 2 l

tangential-loading oil tile ring is given by tile rightland 11. S i ,.,4-1tagnta (C,).,= --- a., z-2 Cos ?Ijb Cos tjs
side of equation (J37) then the bending nomnent ill that. 2 -o

359282-50-
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It, can be shown (see.ref. 7) that Similarly, thrust and shear are
04-. in*

so tlh nith term of ti tangential loading on the ring is and

so hoatl cs ~iacos'10.+ (B12) ~ 1- ,snm;' -o " II'or-
cosuj6=-~a (.J, .+Jt~=os (l2)tV(j,. 4)= It! a. sinL

This sumnation becomes where

a,., cos,, .. ,sin .-2o rmn) sill (rin + n) Ia.,- .... rl .- a. Sill, ,) I_2, (- i) (r~ ) [ ~ ) -- -1

which corresponds to equation (B7). Then the bendiing K(,,) ( , sin(rm4-n)0
loment, is . - "  rm u) i-r/ir--I

2 2
2~,,)- t a|u--~~,, (BI3) cos (rmln)4 0 0ll

APPENDIX C

EVAIUATION OF =DEFINITE INTEGRALS

I order to miinimize thie stress energy -it- is niecessarj to No%%, by virtue of tie limited range-of the integers n and 1. 0
investigate tihe following definite integrals: the following relations canl be written:

D,.cos (r,+,)o r, D,i cos om+0 4d . (01) ,... j- 6  +-."
0- - M 7 - -, .$

amd Thus, whei 29n.LL.I eqtuation (CI) yields

J'Ii2 (ir)I,(.. 4 III (n,4.) H,~ (1,0.) d0=0 (#a

1 0 1= ZI,),,'rS=.,r (1=:i)•
0=11

re 1 (C2) If Y---, the-following equation is obltained:
awhere D,.- f2 (, (, 0) (0= (D, t+D, D.._ ,_

aid where integers it and 1-are limited to the, following ranges Since

2 5 n-""",- Ln,.,,+--:,
2< m

-- 01.•

Consider tile relation (CI). Thie right-hand side cail be (r,-) [(-r-!)-I]
writtenl

J,,- 'D  
cos (r

m +n -sn m -1 ) d4 -]o
f.

,- - dr",, , , ),,= , , __.

0'I

it~ isfud(in.0el1
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T1o suininariuA, thell, Thuis, ( lie defiite integral (C2) gives precisely the siame
resuilt, is (CI)

I~a~aa4a)201,01,20.a= (1$0= (1)- *na)

Consider tile relation (02). h t is handlled in it mner nie still,

mittlogoiis to tlac-treatanient of (CM). Equation (02) cain beD2

can he expressed inl closed form with the idd of formulaJ 112,a,~1AQ,~~l( .495, numbiler 2,referenic .1. The resultis

6-5 2+cos la 2 62 Cos ,a (%S 6_1

-2 12 S= (1 -Cos 11)1+ f -os -,s- 4 (Cos ;T6- )

C-08 ,---os

H owever, thle series fornat of S., becaiuse of its rallid- coil-
Mvergence, -may hoe iiore coniveiiieiit- t bielii(lie closedl forni- forFor 2:9nK a <" P foiua u

Ils il omuttin. REFERENCES
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